
SOLUTION SHEET #3

(1) (i) From the course we know that degree 2 extensions are normal

=> L/F & F/Q are normal
.

We claim that L/Q is not normal
.
The minimal polynomial of

"I is given by M4z , Q
= XP - 2

.

Write

X4 - 2 = (x2+ (2)(x2-z) = (x - iPz)(X+ i fz)(x - (2)(x +)

Now if L/Q is normal then misz i Splits into linear factors
in LIX]

.
However LGIR and 'i@L - X"-2 doesn't split .

Thus L/Q is not normal.

(ii) Consider the morphism 4 : F-F given by atb5z +e a- 652
with abeQ. Suppose that it extends to a morphism
: L-L then

Y(52) = YP1 = YzK = ylzl = - E .

This shows that(4)2 = -E
,
which is not possible .

(2) Write f = g . h for two polynomials g ,heL[X]. Suppose that I
is not a constant polynomial and let a be a root of g.

We can express [LIX1 : K] in two different ways.

[L(x) : (J· [L : k] = [L(al : k] = [L(d1 : KIXD] . [KLX1 : K]

" II ! Il

m f M

thus we obtain the relation m .
K= n . 9 with k,tEINso.

It can be easily seem that [L(x) : () - [Kca) : K] i.e.
.
KIN

which also implies that fem. Now the condition gcd (n .m)= 1
implies that ken and tem

. In particular degg = deff and

we are done.

(3) The chain of extensions QEQUE) &Q(E) works .

14) It is not had to see that a is a root of f with multiplicity 2
= f(x) =0 AND fld1 =0 where f is the formal derivative
of f .

Now let n= [Lik] & XELIK and letf be the minimal poly. of X
over K

, note that k:= deff dividen

Write f = Zo aix" with nick. . The leading coefficient of f' is
Han which is non zero as anto & nto because chark /n.

In conclusion, degf' = k- 1. => charkk .

Now suppose thatf has a root B in then f(Bl = 0 & flBl=0



but deff' < deff which contradicts the fact that f is the minimal
polynomial of B over K

.

15) This is basically Ex 4 from worksheet 2
.

To see this , notice that -LIK by definition of K,
· (91# X moreover of Aut)4k) as Olk= idk .

Now let G= <02 [Aut14/k) be the subgrap generated by 0.

To show that L/k is normal it suffices to show that XxELIK

Mak Splits over 1 . We show this by showing that G acts transitively
o the roots of MX, K .

This can be shown by minicking the proof of EX4 Worksheet 2
.

Question : Why do we require thato has infinite order ?

(6) (i) First
, it is clear that F/K is separable as XXEF-XEL and

ma ,le Splits into linear terms in its splitting field as L/K
is separable.

Now Let BEL and consider mmp ,LEL[X] .

As B is a root of
mBiK then MBL / MBir in L[X] therefore MBLIMBiR
in SFL(mpkl . But mic Splits into linear factors in SFLIMBir
as L/K is separable.

(ii) Let &EL
. If LEF then as F/K is purely inseparable the

only root of Mak is < and Mak Splits in LEX].

Now Suppose & LIF write maF =T (x-ai) with aith .M

and maiF= &Cixi with CiEF .
Let chark = pLO . As L/K is

i= 1

purely insep.
Vies1 , -, ms there exists plist cPheK choose m big enough
such that CPEK Vi.
keeping in mind that chark = charf= pso we have,

1

(mar) P
"

= (Z Cixi)PUZE apExiPUERIX] .

Moreover we can also write (maF(P (TE(X-ai))pr
-

= TE(X-ailP" so (mxiF)PhSplits in LIX] .
Finally note thatI is a root of (ma ,/PW therefore marl (maph
but as (mgFpWsplits in LIX] so does mak thus LIK is nomal -

171 First note that we need chark= pho to get inseparable extensions .

Let K= plt) (the field of rational functions / KI and let (= /Fp1 ++P9)
where gap is a prime number. We claim that L/K is inseparable
& not normal

.



To see this note that f := Mtrpa
,
rE#plti[X] is given by

f(x) = XP9 - t
this is not separable as for instance in L , f(x) factors as

f(x)= XP9- (t4pq)P9 = (X9-t()P this thp9 is a multiple root -
Now consider the polynomial irreducible polynomial

g(x) = x9 - tek[X)
note that I has a root in L given by (*9P = th.
However it doesn't split in L[XJ as I doesn't contain the 9th roots
of unity.

This givesan infinite family of non-normal inseparable extensions.

18) (i) First note that for BEL

f(Mx)(B) = MY(Bl + anzM2"(B) + - + a, Ma(B) + 90 . B
=xV . B + anex"

+

B + - + 9 , % .B +90 . B
= f(x) .B = 0 as f =minuid) .

This shows that fiMal = 0 . Moreover as f is the minimal polynomial
o2 a similar argument shows that f is the minimal polynomial of Mx .

By Cayley - Hamilton theorem f divides the characteristic polynomial of
Ma .

Let NX : K(x)-> Kal be the multiplication map by 2 .

Then again
fINal =0 and f divides X(Nal the characteristic polynomial of NL.
However deg X(N) -d therefore f = X(NL).

Recall that 12 , X-, 21-17 is a R-basis for KIX) . Let les , - , ed ?
be a K(X)-basis of 1 . Then

& e . des , - - Cher , 22 , 292 , - , Che2 , -ed , - ,
Ched] is a K-basis

of L

The matrix Ma in this basis is given by,

Ma = (NavaNaI this x(Mal = x(Na)d = f%
(ii) Recall that given an nxn matrix M ,

defM is given by the
costent term in X(M) & 1-11""trM is given bythe
Coefficient of Xn" in X(M) .

Applying this to fl yields the result.


